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Computing t)lc: $mj, th Normal Form of ~ M~triX*

Jo Ann IIcwcll

1. introduction

“rhc reiluc. tion of a matrix to a normal form cnahlcs us to

study the mat.r. i.x in its simplest iind most convenient shape, and

to more immccli:ltcly rel[itc t)Ic tliCOry of mntriccs to scicntifi. c

appljc:ltions. h’f3 study in thjs paper dn’nlgorjthrn for computing

syml~nliral]y the Smith normal form of H matrix. First, we jn-

trod~lcc SOIIIC I):lsic conc(q3ts. I:urt.hcr hackErou]ld is fou:ld in

Gantrl:lc!lcr [1960, pp.130-174J or Turnhu]l and Aitkcn [1961,

pp. 21-28].

Let A(A) hc an mxn matrix having po].ynomi ill clcmcllts with

Cocfficicnts ovrr a field l:. We can write

A(~) = Ak Ak + Ak-l lk-l +, ..+ AO,

where the A .
1

arc mxn lllilll’i CCS wjth elements over F. A(A) is

C;ll ICd d A- Illil’1l”.i X.

l:vory A-m:ltrix of r~tuk r can he reducc(l hy rlcml’ntnry

t~illl~l-(]]”]]]:ltj~]ls (rat jon:tl in tl]c fic]d of rlcnlvnts of A(A)) lo a

diil~![)llill form COlltil illillS 12Xil Ct,L)’ r nonzcro (21(’111fJllt. S,
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1’(A) and Q(l) arc squr. re A-m:ltriccs h’j t.h nonzcro detcrmin:ints in-

dependent of A. Each Ej (l) is a monic pol~nomial in A such that

l~i (A) ci.’vidcs Ei+] (A) . m2 polynomials Iii(A) arc Cflll C(l tll(?

invariflnt factors of A[Aj . “~hi.s dinfion:ll form is known as the

fmi t!l normill. form for equivn]cnt X-malri ccs.

2. Algorithm for Computing the Smi Ill Norm:,ll l~orm

Hercnfter wc shall assume that A is an mxn ~-m:ltrix :Ind sh:+] 1

omit the (A) . ROW und COLWVINare dcscrihcd below. Vor rclntcd

algorithms and cliscussi.on scc 13r:idl. ey 11 971] .

s\[lTJ~:

step 1:

step 2:

stop 3:

Step 4:

Step s:

t + min(m, n)

[Construct dia~onnl form row by row, ]

Fori=l ,. ... t-1 do Steps 3-8

[Check for a zero row. ]

While row i of A is @ do

1! i<t-1 tllcn i~”i+]

Cls(’ go to !-I

c]ld

For j = i+l ,. ... m[lo

ROW(A, i ]

,qo to Step 5

end

(lnd

]:or j~i+] ~Dam)n(l~

If rcm{lindcr (A. A. . )~[~ do~,j’ 1,1

COI,IIMN(A, i )

1:(Yto Stup 4

Cnll

Cnd
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St-c]) (i: [Suhtrnct multiples of column i from other columns. ]

Forj=i+l ,.. .,ndo

“4k, j + ‘k, j - (Ai, j/Ai, i) ‘fk, i
end

(?11d

Step 7: ]:or j = i+l >~”*B m
‘j, i+o

St.(’]) 8: ~Makc pivctal elcrllcnl monicm]

A. ~A i,i/ldcf(Aj,, i) (ldcf is leading cocfficicnt)l,i

Step 9: Illake l:]st pivotal c]cmcnt monic. j

*t, t. + *t@dcf(A.. ,tl

Step 10: If m < n t.l~cn do

For j =m+l,. ..,n A +0m,j
end

step 11.: If’ n < m then do

l~c)r j ~111-1 ,...,m A. +0J,ll
cud

Step 12: ]“c)J’j=l ,..,, t-l

Fork =i+l,. ..,t

If rcmaindt’~” (A~,~J04i,i ) # (1 then do

CJ ~- ~cd (A~,~SffjJ)

‘k, k ‘“”‘i, i ‘k, k/g

A.~,i 4- FS
Cnd

and
Cnd

Using the function RX wn purfol’m L?l CfllPlltill’)’ column opera -

Ginns on thr it]], (i+l. )th ,. ... nth column of A tint il Aj ,i
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divides Ai, j, j = i+l,. ..pn. ROWS i to m Of A are iiff(?cl~cd by

the transformations.

l{oh’:

Step 1:

Step 2:

step 3:

Stt?p 4:

Step 5:

St!’]) (i:

[Mnkc elements in row i monic. ]

For E = i ,.. .,ndo

Forj=i,. ..,m Aj,E ~- Aj,E /ldcf[Ai, J,]

end

[Find the element of lowest degrer in row i .]

bSet k to the column numhcr such tll:il

‘e~(’fi.~l ~ ‘~c~(il .i,~) ,j=i, . . ..n..
and Ai,k # 0.

[Interchange columns k and i , if k#i , ]

Forj=i,, ..,m Exchangr A.J,k and A.J,i

calculate x. Suc]l that
J

gc(t(A. l,i’”4i,i+l S9”.B A.l,n
)u-

x.A. + ~.
1 l,i 1+1 A \i,i+] ‘.’”+ ‘II ‘i,ll

[StC!]lS 5-8 arc S[lPCial CilSC!S. ]

For k = 1 )**~9 ndo

If Xk = 1 or :\i,k = o the’11 ~:(’) 10 StC’]) 12

C!lld

l:or ~ x 1 ~..aJ n~ln

If Xk = -1 then do

Forj ~ i. ,...,m Aj,k~_ -Aj,k

go to Step 12

cnd

Cnc1
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Stcp 7: ]:ork= i+] ,. ... ndo

If Ai i divides Ai ~ then do
J #
x. ●- x.1 1 - Ai, k /Ai, j

En to step 12

end

cnd

St’(?p 8: I:ork=i ,. ... II11O

If Xk = O t.)lcn do

(1+A i,k/~cd(Ai, i , . . . Ai,n)

Forj =J ,...,n
‘j

+ (l-d)xj

go to Step 12

end

c]ld

~ o ECd(.~- Aj j+i)
= ylAi,i+~~Aj,j.+ll,j’ ,

St.c.p1[1:
‘1 ‘- ‘Ai,i+l/g

‘2
<- A

i,i/l:

S!(?p 11: 11’u1 g(d j~l .4i ,i iIIICl (1 in Ai ,i+l. ]

]:or j = i ,Om. ,mdo

(] 4- y
1 ‘jpi + ~2 ‘j,i,+.]

A.
J,i+] ‘“ ‘1 ‘j)i + ‘Z}’j,i+l

A.J,i 4“ d

c n (1

go to Strp 4

StCrJ 12: [Rcplacc pivottil clcmcnt with gtd. ]

l:orj = i ,..., n (j # k) dO

Fork= i ,...,m
%,1: + ‘E,k + ‘j ‘I,j

end
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Stcp 13: [ Tnt.crcha]lgc columns i and k. “1

Forj=i D*=9m m Tntc;cls.ange A.J,i
and A.

J,k

COLUNN(A, i) is the s~;flc as RCNY(AT, i).

A kcy operation encountcrrd in t?~is rt?duct ion is the computa -

tion of multipliers xl , . . . . x s~lch thilt
n n

z
ax.11 =gcd(al ,. ... an].

i=l

For example, sce steps 4 and 9 of ROW. Larfjc mllltip]icrs xi

lend to lerge intcl”l,:~ciiate expression ~!rc.\~th. In the! fol lowin:

section we examine ali;orithms for rcd~~ring tl~c sjzc of the

multi.p]iers.

3. The Greatest Common Divisor Al~:orithm

The follovi.ng m~.rerial is incluclcd i.n Howell [1976]. WC

compute the gcd of n polynomials in poirlrisc fil~h.iOll. ‘1’hat is,

‘f al’a2 ‘
. . . . a n are pol;-nnmia],s, Wc’ Colil])utc t.llc? gcd as rollo\{s:

wc order t.hc polynom~al s 01 , . . . , iI so that tlil’ degree Or [1 is
n 1

lnrgcst itntl the degree of an is sm:ll lest , t.hcn Ihc l} OLIn Ll 011

z

dc~~(xi) , the sum of the clu~;recs of the mult.ipl icrs , js smal lc~

l=i

than with t!lc uppositc ordering, that is, the smallest to lnr~cst

orclcrint. A]SO thC bo’Jnd 011 IIIaX (lc~(xi) is smaller.
i

If, .in addition to computing the g.
1

above, WC snvc Ihr mul t i -

pliers, \fi+l find yi+l flt Cilch Slcp so I.llat g.
1

= ~cL1(fii-]>ni+]) =
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tll:lt gcd(:ll , . . . . all] m 21:11 +. ..+ z n ns follows:nn

z n “ Yn WI . ~
n n

z.
1 = yi W;+l

}

i- n-l ,.. .s 2

“ = ‘i ‘i+li

‘1 = ‘i

A sm~llcr hound for the degrees of the mult.ip]icrs is ohtaincd

when we modify the algorithm as follows:

Zn = y,, - Vn ● quotient(yll/vn]

w’n -w-un n “ quoticnt(yll/vn]

9 = Yi ~’~+] - ‘i “ qUOtiC’lJt[Zi h’j+l/l’i] )

1 i =n-1 ,. ... 2
w! m Wm w!

1 1 1+1 - ‘i ~ i+~/~’i)● quoticnt(z. w’
J
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